Current CT techniques are able to produce isotropic high resolution CT images (0.5mm). Recent research has revealed that the interior of the left ventricle has complex structures and topology, which has potentially valuable information. However, this makes the matching between models much more challenging. In this paper, we propose a novel method to match two models with non-trivial topology. 3D mesh models are flattened onto a 2D planar surfaces using discrete hyperbolic Ricci flow. Therefore, the 3D matching problem is converted to a much simpler 2D matching problem. We show the performance on the registration of high resolution left ventricle models.
INTRODUCTION
Recent papers about cardiac reconstruction using high resolution CT images [4] have shown the complex topological structure of the left ventricle. The interior of the left ventricle surface includes many holes and handles. Papillary muscles are also topologically complicated, as they are "rooted" on the interior surface of the left ventricle. Even if we smooth out the model and basically ignore the complicated trabeculae, there are still a handful of handles left on the base of the papillary muscles. To build a faithful and useful model, the complex structures (especially the papillary muscles), which contain clinically useful information, have to be preserved while modeling for structural and functional analysis.
Establishing point-correspondences that have anatomical meaning is crucial for many applications. For instance, the Active Shape Model (ASM) requires a one-to-one correspondence to get the mean geometry of a shape and some statistical modes of geometric variations [1] . Another example is the patient-specific blood flow simulation, which is a powerful tool for the study of cardiac blood flow and is getting more and more attention in the medical imaging community [9] . The detailed cardiac shape is used as the boundary conditions in a fluid simulator to derive the hemodynamics throughout the whole heart cycle. This simulator also requires that the cardiac shape must contain the correct one-to-one correspondence among frames to provide the velocity of the boundary in order to drive the simulator.
Existing registration methods are not suitable for this problem. The complicated structure of the left ventricle makes the registration very different from that of some organs such as liver, lung, etc., which are usually modeled with simple topology as genus zero. There are several categories of shape registration algorithms such as, point based methods, including point set registration using Gaussian Mixture Models [6] , iterative closest point(ICP) methods [14, 3] , optical-flow-like correspondence interpolation [13] and deformable model methods [4, 10] . These shape registration techniques has been widely investigated in biomedical applications [12] .Those methods do not explicitly include topology, thus that there is no guarantee of topology consistency after registration. Some methods could handle the genus zero surfaces, such as a harmonic map [16] . However, the method cannot handle surfaces with arbitrary topology.
For the particular application of high resolution cardiac registration, in [4] , Gao et al. proposed a framework that uses high resolution data to reconstruct the 4D motion of the endocardial surface of the left ventricle for a full cardiac cycle. Their method deforms the same mesh model between frames, such that it obtains one-to-one correspondence as a byproduct while reconstructing the left ventricle. The essential method used in their framework is the adaptive focus deformable model(AFDM) [11] . The deformable model deforms in a way that seeks regions with similar geometric structure. While the AFDM model works well in many cases, especially with simple topology, a major drawback is that the AFDM method cannot prevent models from self-intersection. The high genus of the surfaces makes direct registration methods challenging. All the methods mentioned above cannot be applied directly in this scenario.
These challenges, i.e., complex topology and large deformation, motivate us to apply a novel method based on surface Ricci flow. According to the uniformization theorem in differential geometry [7] , all surfaces in real life can be flattened onto one of three canonical spaces, the sphere, the plane and the hyperbolic disk, in an angle preserving manner.
Therefore, all geometric problems in three dimensional Euclidean space can be converted to two dimensional problems on the plane. High genus surfaces can be flattened onto the hyperbolic disk. For surface registration, we map both models to their canonical shape; thus, our problem becomes a 2D matching problem which is much easier. Surface Ricci curvature flow is a practical method to compute such types of flattening.
The algorithm proposed is as the followed. For each given heart surface, we first compute the uniformization metric to flatten it onto a Poincaré disk, using discrete hyperbolic Ricci flow [7] , then we segment the surface to canonical hyperbolic hexagons, which become convex after they have been transferred into the Klein model [8] . The final step is to compute the harmonic mapping between these convex hyperbolic hexagons. By doing this, we transfer a high genus surface registration problem to a simple convex domain harmonic mapping problem, and guarantee the final mapping between surfaces will be one-to-one (diffeomorphism). We demonstrate the performance of our method in high resolution left ventricle models and compare it with the work in [4] .
THEORETICAL BACKGROUND
In the following, we briefly introduce the background knowledge needed for our method [2] .
Surface Ricci Flow
Any closed surface S satisfies the following Gauss-Bonnet theorem [2] : Ricci Flow [5] is a powerful curvature flow method describing a process to deform the Riemannian metric according to curvature, such that the curvature evolves like a heat diffusion process:
Theorem 1 (Uniformization) Suppose (S, g) is an oriented metric surface, then it can be conformally mapped to one of three canonical spaces, the sphere,the plane or the hyperbolic disk, depending on its topology, and with constant Gauss curvature everywhere.
Hyperbolic Geometry
Definition 1 (Poincaré disk) The Poincaré disk [2] is the unit disk on the complex plane D = {|z| < 1, z ∈ C}, with hyperbolic metric ds
Another model of hyperbolic space is the Klein model [8] . The following formula converts the Poincaré disk model to the Klein model: z → 
ALGORITHMS
The main algorithm pipeline is illustrated in Figure 2 . The algorithm includes three steps: Discrete Hyperbolic Ricci Flow, Hyperbolic Pants Decomposition and Hyperbolic Hexagon Matching. Step 1: Discrete Hyperbolic Ricci Flow The computation of the hyperbolic metric on a triangular mesh is based on the discrete hyperbolic Ricci flow [7] [15], as Algorithm 1 shows.
Step 2: Hyperbolic Pants Decomposition Given a genus g closed surface, we compute the hyperbolic pants decom- (2) where θ jk i represents the corner angle attached to vertex v i in the face f ijk 5. Update the radius r i of each vertex v i : r i = r i − K i sinh r i 6. Repeat the step 2 through 5, until K i of all vertices are less than the user-specified error tolerance. position which decomposes the original surface into 2g − 2 hyperbolic pants. We compute a set of loops {l 1 , l 2 ...l 3g−3 } that topologically cut M into 2g-2 pants. And then compute a set of geodesics loops {l 1 ,l 2 ...l 3g−3 } that they are homotopic to {l 1 , l 2 ...l 3g−3 }. These geodesics loops can decompose M into 2g-2 hyperbolic pants.
For a closed surface, each homotopy class has an unique geodesic loop under a hyperbolic metric; the hyperbolic cut loops form a canonical segmentation of the surface, so it is intrinsic to enforce the corresponding hyperbolic hexagons boundaries geodesics to be matched in Hyperbolic Hexagon Matching subsection.
Step 3: Hyperbolic Hexagon Matching We carried out the matching between hyperbolic hexagons using harmonic mapping. It is well known that if the target mapping domain is convex, the harmonic map will be a diffeomorphism. So we first transfer the hyperbolic hexagon into the Klein model, in which the hyperbolic hexagon is mapped to a convex Euclidean polygon. This step guarantees the final registration between heart surfaces is one-to-one. Details can be found in Algorithm 2.
EXPERIMENTAL RESULTS AND VALIDATION
We applied our heart surface registration method to a sequence of high resolution left ventricle models. The models are 10 frames of heart surfaces segmented from CT volumes. The CT data were acquired on a 320 − M DCT scanner using a conventional ECG-gated contrast-enhanced CT angiography protocol. The imaging protocol parameters include: prospectively triggered, single-beat, volumetric acquisition; detector width 0.5mm, voltage 120KV , current 200 − 550mA. Reconstructions were done at 10 equally distributed time frames in a cardiac cycle. The resolution of each time frame is 512 by 512 by 320. The left ventricle models are reconstructed using the method described in [4] . Although their methods already provide one-to-one correspondence during reconstruction, the registration quality is not reliable. Most importantly, their method cannot prevent self intersection, as shown in Figure 3 . Figure 4 shows a colormap of the registration results. The points with the same color correspondent to each other. The results show reliable registration between frames. Figure 5 shows detailed point-to-point correspondence around handles, which is a challenging part of the model. The same color points correspond to each other. The proposed methods guaranteed the one-to-one correspondence and topology consistency.
We evaluated the accuracy of the matching results φ : S 1 → S 2 by using the shape error defined in [15] , namely 6 . This figure shows the shape error. Each frame is registered to the following frame. The last frame is registered to the first one.
the average distance between the source point and the corresponding image point, normalized by the diagonal of the bounding box of the target surface. Figure 6 shows the shape error. Both methods are tested on desktop Intel Core2 Quad Q6600 2.4GHz. The proposed method is more efficient for registering two models (20,000 vertices for each model) in around 35 other than 8 30 in [4] .
CONCLUSIONS
We have proposed a novel method to register the left ventricle endocardial surface models. The complicated structures inside the left ventricle, such as the papillary muscles, are preserved during registration. Our method guaranteed the oneto-one correspondence and the shape topology consistency.
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